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Nh|zrugv= Frpprq Eholhi/ Qhjdwlyh Lqwurvshfwlrq/
Wuxwk D{lrp/ Lqwhushuvrqdo Frpsdwlelolw|1
Devwudfw
Wkh orjlf ri frpprq eholhi grhv qrw dozd|v uh hfw wkh orjlf ri lqglylg0
xdo eholhiv1 Lq sduwlfxodu/ wkh Qhjdwlyh Lqwurvshfwlrq surshuw| idlov dw wkh
frpprq eholhi ohyho/ wkdw lv/ lw fdq kdsshq wkdw qhlwkhu lv D frpprqo|
eholhyhg qru lv lw frpprq eholhi wkdw D lv qrw frpprqo| eholhyhg1 Lqghhg
Qhjdwlyh Lqwurvshfwlrq ri frpprq eholhi lqyroyhv uhvwulfwlrqv rq lqglylgxdo
eholhiv ri dq lqwhuvxemhfwlyh qdwxuh1 Zh frqvlghu d qxpehu ri lqwhushuvrqdo
uhvwulfwlrqv rq eholhiv dqg vwxg| wkhlu uhodwlrqvkls1 Zh dovr fkdudfwhul}h
Qhjdwlyh Lqwurvshfwlrq ri frpprq eholhi lq whupv ri lqwhushuvrqdo surshu0
wlhv ri lqglylgxdo eholhiv1 Doo wkh uhvxowv duh suryhg v|qwdfwlfdoo|141 Lqwurgxfwlrq
Vlqfh Ohzlv*v +4<9<, dqg Dxpdqq*v +4<:9, slrqhhulqj frqwulexwlrqv/ wkh frqfhswv
ri frpprq nqrzohgjh dqg frpprq eholhi kdyh ehhq glvfxvvhg h{whqvlyho| lq wkh
olwhudwxuh/ erwk v|qwdfwlfdoo| dqg vhpdqwlfdoo|41 Dw wkh lqglylgxdo ohyho wkh gli0
ihuhqfh ehwzhhq nqrzohgjh dqg eholhi lv xvxdoo| lghqwlhg zlwk wkh suhvhqfh ru
devhqfh ri wkh Wuxwk D{lrp +￿ $ ,/ zklfk lv lqwhusuhwhg dv li lqglylgxdo 
eholhyhv wkdw D/ wkhq D lv wuxh1 Lq vxfk d fdvh wkh lqglylgxdo lv riwhq vdlg wr nqrz
wkdw D +wkxv lw lv srvvleoh iru dq lqglylgxdo wr eholhyh d idovh sursrvlwlrq exw vkh
fdqqrw nqrz d idovh sursrvlwlrq,1 Jrlqj wr wkh lqwhushuvrqdo ohyho/ wkh olwhudwxuh
wkhq glvwlqjxlvkhv ehwzhhq frpprq nqrzohgjh dqg frpprq eholhi rq wkh edvlv
ri zkhwkhu ru qrw wkh Wuxwk D{lrp lv srvwxodwhg dw wkh lqglylgxdo ohyho1 Krz0
hyhu/ zkloh dw wkh lqglylgxdo ohyho wkh Wuxwk D{lrp fdswxuhv phuho| d uhodwlrqvkls
ehwzhhq wkh lqglylgxdov* eholhiv dqg wkh h{whuqdo zruog/ dw wkh lqwhushuvrqdo ohyho
lw kdv yhu| vwurqj lpsolfdwlrqv1 Iru h{dpsoh/ wkh iroorzlqj lv d frqvhtxhqfh ri
wkh Wuxwk D{lrp= ￿￿ $ ￿/ wkdw lv/ li lqglylgxdo  eholhyhv wkdw lqglylgxdo
 eholhyhv wkdw D/ wkhq lqglylgxdo  khuvhoi eholhyhv wkdw D1 Wkxv/ lq frqwudvw wr
rwkhu d{lrpv/ wkh Wuxwk D{lrp grhv qrw phuho| uh hfw lqglylgxdo djhqwv* orjlf
ri eholhi1 +Wkh uhdvrq zk| wkh Wuxwk D{lrp lv pxfk vwurqjhu lq dq lqwhushu0
vrqdo frqwh{w wkdq dsshduv dw uvw jodqfh lv wkdw lw dprxqwv wr dvvxplqj wkdw
djuhhphqw ri dq| lqglylgxdo*v eholhi zlwk wkh wuxwk lv frpprq nqrzohgjh,1 Jlyhq
lwv orjlfdo irufh/ lw lv qrw vxusulvlqj wr qg wkdw lw kdv vwurqj lpsolfdwlrqv iru wkh
orjlf ri frpprq nqrzohgjh1 Lq sduwlfxodu/ li hdfk lqglylgxdo*v eholhiv vdwlvi| wkh
vwurqjhvw orjlf ri nqrzohgjh +qdpho| V8 ru NW8,/ wkh dvvrfldwhg frpprq nqrzo0
hgjh rshudwru vdwlvhv wklv orjlf wrr1 Vxfk lv qrw wkh fdvh iru eholhi= ehuhiw ri wkh
Wuxwk D{lrp/ hyhq wkh vwurqjhvw orjlf iru lqglylgxdo eholhi +NG78, lv lqvx!flhqw
wr hqvxuh wkh vdwlvidfwlrq ri wkh Qhjdwlyh Lqwurvshfwlrq d{lrp iru frpprq eh0
olhi= =W $ W=W +zkhuh W ghqrwhv wkh frpprq eholhi rshudwru,1 Wkdw
lv wr vd|/ lw fdq kdsshq wkdw qhlwkhu lv  frpprqo| eholhyhg qru lv lw frpprq
eholhi wkdw  lv qrw frpprqo| eholhyhg1 Lqghhg wkh Qhjdwlyh Lqwurvshfwlrq d{lrp
iru frpprq eholhi lpsolhv uhvwulfwlrqv rq lqglylgxdo eholhiv ri dq lqwhuvxemhfwlyh
qdwxuh1 Lq wklv sdshu zh frqvlghu d ydulhw| ri lqwhuvxemhfwlyh frpsdwlelolw| uh0
vwulfwlrqv rq wkh eholhiv ri wkh lqglylgxdov dqg vwxg| wkhlu uhodwlrqvkls1 Zh dovr
surylgh d fkdudfwhul}dwlrq ri Qhjdwlyh Lqwurvshfwlrq iru frpprq eholhi1
4Vhh/ ir h{dpsoh/ Idjlq hw do +4<<8, dqg uhihuhqfhv wkhuhlq1
551 Wkh edvlf v|vwhp k￿
q
Zh frqvlghu d pxowlprgdo v|vwhp zlwk ? nrshudwruv ￿c2cc?cW zkhuh/
iru  ' cc?/ wkh lqwhusuhwdwlrq ri ￿ lv lqglylgxdo  eholhyhv wkdw / zkloh
W lv lqwhusuhwhg dv lw lv frpprq eholhi wkdw 1 Wkh edvlf v|vwhp kW
? lv jlyhq
e| d vxlwdeoh d{lrpdwl}dwlrq ri Sursrvlwlrqdo Fdofxoxv wrjhwkhu zlwk wkh iroorzlqj
d{lrp vfkhpdwd dqg uxohv ri lqihuhqfh=
N E $  $ E $ E ; 5i ￿cc?cWj
FE4 W $ ￿ E; ' cc?
FE5 W $ ￿W E; ' cc?





￿￿ E; 5i ￿cc?cWj
Zh qrz wxuq wr wkh vhpdqwlfv1 D vwdqgdug prgho lv d wxsoh
P ' k`c-￿cc-?c- WcTl
zkhuh ` lv d qrq0hpsw| vhw ri srvvleoh zruogv/ -￿cc-?c- W duh elqdu| dffhv0
vlelolw| uhodwlrqv rq ` dqg T lv d ydoxdwlrq/ wkdw lv/ d ixqfwlrq wkdw dvvrfldwhv
zlwk hyhu| dwrplf sursrvlwlrq R wkh vhw ri srvvleoh zruogv zkhuh R lv wuxh1 Wkh
ydoxdwlrq lv h{whqghg wr wkh vhw ri irupxodv lq wkh xvxdo zd|> zh ghqrwh wkh idfw
wkdw irupxod  lv wuxh dw zruog  lq prgho P e| Pcm' 1 Wkxv/ lq sduwlfxodu/
iru  ' cc?/ Pcm' ￿ li dqg rqo| li Pc ￿ m'  iru doo ￿ vxfk wkdw -￿￿1
Vlploduo|/ Pcm' W l id q gr q o |l iPc￿ m'  iru doo ￿ vxfk wkdw -W￿1W k h
iroorzlqj uhvxow lv zhoo0nqrzq +fi1/ iru h{dpsoh/ Erqdqqr/ 4<<9,1
Wkhruhp 5141 Wkh v|vwhp kW
? lv vrxqg dqg frpsohwh zlwk uhvshfw wr wkh fodvv
ri vwdqgdug prghov zkhuh -W lv wkh wudqvlwlyh forvxuh ri -￿ ^  ^ -?15
D vwdqgdug prgho zkhuh -W lv wkh wudqvlwlyh forvxuh ri -￿ ^  ^ -? zloo eh
fdoohg d FE0prgho1
5Wkdw lv/ dU￿e li dqg rqo| li wkhuh duh vhtxhqfhv kz4>===>zpl dqg kl4>===>lpl vxfk wkdw +4,
z4 @ d/+ 5 ,zp @ e dqg +6, iru hyhu| n @4 >===>p ￿ 4/ znUlnzn.4=
6Zh zloo lqyhvwljdwh h{whqvlrqv ri kW
? rewdlqhg e| dgglqj rqh ru pruh ri wkh
iroorzlqj d{lrpv iru lqglylgxdo eholhiv=
G ￿ $= ￿= E ' cc?
W ￿ $  E ' cc?
7 ￿ $ ￿￿ E ' cc?
7f ￿￿ $ ￿ E ' cc?
8 =￿ $ ￿=￿ E ' cc?
Lq wkh qh{w vhfwlrq zh olvw vrph wkhruhpv dqg ghulyhg uxohv ri lqihuhqfh iru
kW
? zklfk zloo eh xvhg odwhu1
61 Vrph surshuwlhv ri k￿
q
Iru hyhu| prgdo rshudwru  5i ￿cc?cWj zh zulwh  iru == +wkxv/ iru
h{dpsoh/ ￿ vwdqgv iru =￿=,1 Ixuwkhupruh/ SO vwdqgv iru Sursrvlwlrqdo
Orjlf1
Lw lv zhoo0nqrzq +vhh/ iru h{dpsoh/ Fkhoodv/ 4<;7/ Olvprqw dqg Prqjlq/ 4<<7,
wkdw kW
? kdv wkh iroorzlqj wkhruhpv dqg uxohv ri lqihuhqfh=
UN ￿<￿
￿￿<￿￿ iru hyhu|  5i ￿cc?cWj
UN ￿<￿
+￿<+￿ iru hyhu| 5i  ￿cc?cWj
P E a  '  a  iru hyhu|  5i ￿cc?cWj
U4FE
￿ < E￿￿￿ 2 ￿￿￿ 2 ￿?￿￿
E￿￿￿ 2 ￿￿￿ 2 ￿?￿￿ < ￿W￿ +dsso| UQ wr wkh k|srwkhvlv/ wkhq xvh FE6 dqg PS,
U5FE
￿ < E￿￿￿ 2 ￿￿￿ 2 ￿?￿￿
￿ < ￿W￿ +dsso| U4FE wr wkh k|srwkhvlv wkhq xvh SO,
Surriv ri wkh iroorzlqj ohppd dqg fruroodu| duh jlyhq lq wkh Dsshqgl{1
Ohppd 41 Wkh iroorzlqj lv surydeoh lq kW
?=
FE7 E￿ a  a ? a E￿W a  a ?W $ W
Fruroodu| 41 Wkh iroorzlqj lv surydeoh lq kW
? n eU=
FE8 E￿W a  a ?W $ W
Uhpdun 41 Lw lv zhoo0nqrzq +fi1 Fkhoodv/ 4<;7, wkdw d{lrp eU lv surydeoh lq
kW
? n D Khqfh FE8 lv surydeoh lq kW
? n D1
771 Lqwhushuvrqdo frpsdwlelolw| ri eholhiv
Lq jhqhudo/ wkh frpprq eholhi rshudwru W grhv qrw lqkhulw doo wkh surshuwlhv ri wkh
lqglylgxdov* eholhi rshudwruv1 Frqvlghu/ iru h{dpsoh/ wkh frxqwhusduw iru frpprq
eholhi ri d{lrp 8 iru lqglylgxdo eholhiv=
8W =W $ W=W
Qrz/ 8W lv qrw surydeoh lq wkh v|vwhp rewdlqhg e| dgglqj G/ 7 dqg 8 wr kW
?/
zklfk zloo eh ghqrwhg e| kW
? n #eD +d iruwlrul lw lv qrw surydeoh lq d zhdnhu
v|vwhp vxfk dv kW
? n D,1 Wklv lv vkrzq lq wkh iroorzlqj h{dpsoh1
H{dpsoh 41 Frqvlghu wkh iroorzlqj FE0prgho= ` ' i@cKj/ -￿ ' iE@c@cEKcKjc
-2 ' iE@cKcEKcKj1W k x v-W ' iE@c@cE@cKcEKcKj1O h wR eh dq dwrplf sursr0
vlwlrq zklfk lv wuxh dw K dqg idovh dw @1 Wkhq wkh irupxod E=WR $ W=WR/
zklfk lv dq lqvwdqfh ri 8W/l vi d o v hd w@1 Vlqfh wkh v|vwhp kW
? n #eD lv vrxqg
zlwk uhvshfw wr wkh fodvv ri FE0prghov zkhuh -￿ lv vhuldo/ wudqvlwlyh dqg hxfolghdq
+ ' cc?, dqg wklv prgho vdwlvhv wkhvh surshuwlhv/ lw iroorzv wkdw 8W lv qrw
surydeoh lq kW
? n #eD1
Lw iroorzv iurp H{dpsoh 4 wkdw d{lrp 8W pxvw lqyroyh ixuwkhu uhvwulfwlrqv rq
wkh eholhiv ri wkh lqglylgxdov zklfk suhvxpdeo| duh lqwhuvxemhfwlyh lq qdwxuh1 Lq
wklv vhfwlrq zh frqvlghu ydulrxv uhtxluhphqwv ri lqwhuvxemhfwlyh frpsdwlelolw| ri
eholhiv dqg vwxg| wkhlu uhodwlrqvkls1
Wkh iroorzlqj d{lrpv fdswxuh lqwhushuvrqdo uhvwulfwlrqv ri ydulrxv vwuhqjwk rq
wkh eholhiv ri wkh lqglylgxdov1
F ￿ $ ￿
WQ ￿￿ $ ￿
WS ￿￿ $ ￿
LQ ￿￿ $ ￿
LS ￿￿ $ ￿
VZ ￿W $ ￿W
WFE ￿W $ W
8F uxohv rxw wkh srvvlelolw| wkdw rqh lqglylgxdo eholhyhv  dqg dw wkh vdph
vrph rwkhu lqglylgxdo eholhyhv =1 WQ uhtxluhv lqglylgxdov wr eh fruuhfw lq wkhlu
eholhiv derxw zkdw rwkhuv eholhyh/ zkloh WS uhtxluhv wkhp wr eh fruuhfw lq wkhlu
eholhiv derxw zkdw rwkhuv frqvlghu srvvleoh1 E| LQ lqglylgxdov pxvw vkduh wkh
eholhiv wkdw wkh| dwwulexwh wr rwkhuv/ zkloh LS lv d zhdnhqlqj ri wklv= li lqglylgxdo
 frqvlghuv lw srvvleoh wkdw lqglylgxdo  eholhyhv  wkhq  klpvhoi pxvw dw ohdvw
frqvlghu  srvvleoh1 VZ +iru Vkduhg Zruogv, uhtxluhv wkh lqglylgxdov* eholhiv
derxw zkdw lv frpprqo| eholhyhg wr djuhh1 Ilqdoo| WFE uhtxluhv lqglylgxdov wr
eh fruuhfw lq wkhlu eholhiv derxw frpprq eholhi1
Uhpdun 51 W/ wkh Wuxwk D{lrp iru lqglylgxdov eholhiv/ sod|v d pxfk vwurqjhu uroh
lq pxowl0djhqw frqwh{wv wkdq lq vlqjoh0djhqw rqhv1 Iru d vlqjoh lqglylgxdo wkh Wuxwk
D{lrp fdswxuhv phuho| d uhodwlrqvkls ehwzhhq khu eholhiv dqg wkh h{whuqdo zruog>
dw wkh lqwhushuvrqdo ohyho/ rq wkh rwkhu kdqg/ lw lpsolhv vwurqj lqwhuvxemhfwlyh
frpsdwlelolw| ri eholhiv1 Lqghhg/ doo ri wkh deryh d{lrpv +F/ WQ/ WS/ LQ/ LS/
VZ dqg WFE, duh surydeoh lq kW
? n A1 Wkh uhdvrq zk| wkh Wuxwk D{lrp kdv
vwurqj lpsolfdwlrqv lq dq lqwhushuvrqdo frqwh{w lv wkdw lw dprxqwv wr dvvxplqj
wkdw djuhhphqw ri dq| lqglylgxdo*v eholhiv zlwk wkh wuxwk lv frpprqo| eholhyhg1
Wkh iroorzlqj wkhruhp hvwdeolvkhv wkh uhodwlrqvkls ehwzhhq wkh uvw yh d{0
lrpv/ qdpho| F/ WQ/ WS/ LQ dqg LS1
Wkhruhp 7141
+l, kW
? n W n A c 
+ll, kW
? n e n  c W
+lll, kW
? n e n  c A
+ly, kW
? n D n  c A
Surri1 W k hs u r r ir i+ l ,l vd vi r o o r z v 1
41 ￿￿= $= ￿ +LS,
51 ￿ $ ￿￿ +4/SO,
61 ￿￿ $ ￿ +WS,
71 ￿ $ ￿ +5/6/SO,
+ll, Qh{w zh suryh wkdw kW
? n e n  c W=
41 ￿= $= ￿ +F,
51 ￿￿= $ ￿=￿ +4/UN,
61 ￿= $ ￿￿= +d{lrp 7,
71 ￿= $ ￿=￿ +5/6/SO,
81 ￿￿ $ ￿ +7/SO,
9+lll, Wkh surri ri +lll, lv dv iroorzv=
41 ￿= $ ￿￿= +d{lrp 7,
51 ￿￿= $= ￿=￿= +F,
61 ￿= $= ￿=￿= +4/5/SO,
71 ￿￿ $ ￿ +6/SO,
+ly, Wkh surri wkdw kW
? n D n  c A lv dv iroorzv=
41 =￿ $ ￿=￿ +d{lrp 8,
51 ￿=￿ $= ￿￿ +F,
61 =￿ $= ￿￿ +4/5/SO,
71 ￿￿ $ ￿ +6/SO,
E| Wkhruhp 714/ Frpsdwlelolw| +d{lrp F, kdv vwurqj lpsolfdwlrqv iru wkh wuxwk
ri lqwhuvxemhfwlyh eholhiv +WS dqg WQ,> pruhryhu/ lw fuxfldoo| lqyroyhv vrph irup
ri lqwhuvxemhfwlyh djuhhphqw +LS,1 Krzhyhu/ dv wkh iroorzlqj h{dpsoh vkrzv/ lqwhu0
vxemhfwlyh wuxwk dorqh +WS dqg WQ, idlov wr lpso| dq| lqwhuvxemhfwlyh djuhhphqw
+LS ru LQ, dqg wkhuhiruh idlov wr lpso| F1
H{dpsoh 51 Frqvlghu wkh iroorzlqj prgho= ` ' i@cKj/ -￿ ' iE@cKcEKcKjc
-2 ' iE@c@cEKc@j1W k x v-W +wkh wudqvlwlyh forvxuh ri -￿ ^ -2, lv wkh xqlyhuvdo
uhodwlrq1 Ohw R eh dq dwrplf sursrvlwlrq zklfk lv wuxh dw @ dqg idovh dw K1W k h q
dw @ doo ri wkh iroorzlqj duh wuxh ￿2R/ ￿2R/ =￿R/ ￿=R/ 2R/w k x vi d o v l i | l q j
LQ/ LS/d q gF1 Rq wkh rwkhu kdqg/ erwk WS dqg WQ duh wuxh dw hyhu| zruog16
Vlploduo|/ wkh iroorzlqj h{dpsoh vkrzv wkdw lqwhuvxemhfwlyh djuhhphqw +LS
dqg LQ, grhv qrw lpso| lqwhuvxemhfwlyh wuxwk +WS dqg WQ, qru grhv lw lpso|
frpsdwlelolw| +F,1
H{dpsoh 61 Ohw ` ' i@cKcSj/ -￿ ' iE@c@cEKc@cEScSjc- 2 ' iE@c@cEKcScEScSj1
Wkxv -W ' iE@c@cEKc@cEKcScEScSj1O h w R eh dq dwrplf sursrvlwlrq zklfk lv
wuxh dw @ dqg idovh dw K dqg S1K h u hd wz r u o gK doo wkh iroorzlqj duh wuxh= ￿2R/
￿2R/ =2R/ 2=R dqg ￿R1W k x v d w K WS/ WQ dqg F duh idovlhg1 Rq wkh
rwkhu kdqg erwk LS dqg LQ duh ydolg lq wklv prgho17
6Wklv lv d frqvhtxhqfh ri wkh iroorzlqj idfw/ zklfk lv suryhg lq wkh dsshqgl{1 D{lrpv WQ
dqg WS duh ydolg lq wkh fodvv ri FE0prghov zkhuh/ ;l>m 5 Q/ ;z>z3>z 33 5 Z/ +4, Ul lv vhuldo dqg
+5, li zUlz3 dqg z3Umz33 wkhq zUmz331 Wkh prgho ri wkh deryh h{dpsoh vdwl￿hv wklv surshuw|1
7Wklv lv d frqvhtxhqfh ri wkh iroorzlqj idfw/ zklfk lv suryhg lq wkh Dsshqgl{1 D{lrpv LQ
dqg LS duh ydolg lq wkh fodvv ri FE0prghov zkhuh/ ;l>m 5 Q/ ;z 5 Z/ <z3 5 Z vxfk wkdw +4,
zUlz3 dqg +5, ;z33 5 Z> li zUlz33 wkhq z3Umz331 Wkh prgho ri wkh deryh h{dpsoh vdwl￿hv wklv
surshuw|1
:Zh qrz wxuq wr wkh uhodwlrqvkls ehwzhhq VZ dqg WFE1
Wkhruhp 7151
+l, kW
? n AFE c 5`
+ll, kW
? n eU n 5` c AFE
Surri1 Iru +l,
41 ￿W $ W +WFE,
51 W $ ￿W +FE5,
61 ￿W $ ￿W +4/5/SO,
Iru +ll,
41 ￿W $ ￿W +VZ,
111  +VZ,
q1 ￿W $ ?W +VZ,
q.41 ￿W $ E￿W a  a ?W +4/111/q/SO,
q.51 E￿W a  a ?W $ W +FE8=f i 1F r u r o o d u |4 ,
q.61 ￿W $ W +q.4/ q.5/ SO,
Wkh qh{w wkhruhp uhodwhv W￿￿ wr 8W1
Wkhruhp 7161
+l, kW
? n # n D
W c A￿￿
+ll, kW
? n D n A
￿￿ c DW
Surri1 W k hs u r r ir i+ l ,l vd vi r o o r z v =
41 =W $ W=W +d{lrp DW,
51 W=W $ ￿=W +FE4,
61 ￿=W $= ￿W +G,
71 =W $= ￿W +4/5/6/SO,
81 ￿W $ W +7/SO,
Qh{w zh suryh +ll,1
41 ￿W $ W +WFE,
51 =W $= ￿W +4/SO,
61 =￿W $ ￿=￿W +d{lrp 8,
71 =W $ ￿=￿W +5/6/SO,
81 W $ ￿W +FE5,
91 =￿W $= W +8/SO,
:1 ￿=￿W $ ￿=W +9/UN,
;1 =W $ ￿=W +7/:/SO,
;Qrz/ d uhshwlwlrq ri vwhsv 40; iru hyhu|  ' cc? ohdgv wr +e| ; dqg SO,
<1 =W $ E￿=W a  a ?=W
431 =W $ W=W +</ U5FE,
Uhpdun 61 Vlqfh +fi1 Uhpdun 4, kW
? n D c eU/ lw iroorzv iurp +ll, ri Wkhruhp
715 wkdw kW
? n D n 5` c A￿￿1 Wkxv/ e| Wkhruhp 716/ kW
? n D n 5` c DW1
Ixuwkhupruh/ e| Wkhruhpv 715 dqg 716/ kW
? n # n D
W c 5`1 Lw iroorzv iurp
Wkhruhp 716 wkdw kW
? n #D n 5` dqg kW
? n #D n D
W duh wkh vdph v|vwhp1
Zh qrz wxuq wr wkh uhodwlrqvkls ehwzhhq d{lrpv WQ/ WS/ LQ/ LS/ F dqg wkh
Vkduhg Zruogv d{lrp +VZ,1
Sursrvlwlrq 41 Qrqh ri WQ/ WS/ LQ/ LS dqg F lv surydeoh lq kW
?n#eD n 5`
+wkxv/ d iruwlrul/ lq d zhdnhu v|vwhp vxfk dv kW
? n 5`,1
Surri1 Iluvw ri doo/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh v|vwhp kW
?n#eD n 5`
lv vrxqg zlwk uhvshfw wr wkh fodvv ri FE0prghov zkhuh +4, ; 5 / -￿ lv vh0
uldo/ wudqvlwlyh dqg hxfolghdq/ dqg +5, ;c 5 / ;%c+c5 5 `/l i%-￿+ dqg
+-W5 wkhq < 5 ` vxfk wkdw %-￿ dqg -W51 Wkh iroorzlqj prgho ehorqjv
wr wklv fodvv= ` ' i@cKcSj/ -￿ ' iE@cKcEKcKcEScSj/ -2 ' iE@c@cEKcScEScSj/
-￿ ' iE@c@cEKcKcESc@j>w k x v-W lv wkh xqlyhuvdo uhodwlrq1 Ohw R eh dq dwrplf
sursrvlwlrq zklfk lv wuxh dw S dqg idovh dw @ dqg K1 Wkhq wklv prgho ydolgdwhv doo
w k hw k h r u h p vr ikW
? n #eD n 5` +lq sduwlfxodu 5` lwvhoi,81 Lw lv hdvlo| fkhfnhg
wkdw
￿2R $ 2R +zklfk lv dq lqvwdqfh ri WQ,l vidovh dw @
￿2R $ 2R +zklfk lv dq lqvwdqfh ri WS,l vidovh dw @
￿2R $ ￿R +zklfk lv dq lqvwdqfh ri LQ,l vidovh dw @
￿2R $ ￿R +zklfk lv dq lqvwdqfh ri LS,l vidovh dw @
2R $= ￿=R +zklfk lv dq lqvwdqfh ri F,l vidovh dw K
Wkhruhp 7171
+l, kW
? n A c 5`
+ll, kW
? n #D n A c 5`
8Vlqfh U￿ lv wkh xqlyhuvdo uhodwlrq/ iru hyhu| irupxod D dqg hyhu| zruog z/ z m@ ￿￿D li dqg
rqo| li D lv ydolg +l1h1 wuxh dw hyhu| zruog,1 Lw iroorzv iurp vhuldolw| ri Ul wkdw li lqglylgxdo
l eholhyhg wkdw D lv frpprq eholhi wkhq D lv lqghhg frpprqo| eholhyhg +wkxv WFE lv ydolg,1
Khqfh hyhu|erg| vkduhv l*v eholhi wkdw D lv frpprq eholhi +wkxv VZ lv ydolg,1
<Surri1 Iru +l,
41 W $ ￿W +FE5,
51 ￿W $ ￿￿W +4/UN,
61 ￿￿W $ ￿W +WQ,
71 ￿W $ ￿W +5/6/SO,
Iru +ll,
41 W $ ￿W +FE5,
51 ￿W $ ￿￿W +4/UN,
61 =￿W $ ￿=￿W +d{lrp 8,
71 ￿￿W $ ￿W +6/SO,
81 ￿W $ ￿W +5/7/SO,
91 ￿W $ ￿W +d{lrp G,
:1 ￿W $ ￿￿W +4/UN,
;1 ￿￿W $ ￿￿W +9/UN,
<1 ￿W $ ￿￿W +:/;/SO,
431 ￿￿W $ ￿W +WS,
441 ￿W $ ￿W +</43/SO,
451 ￿W $ ￿W +8/44/SO,
81 Frqfoxglqj uhpdunv
Zh kdyh frqvlghuhg d ydulhw| ri lqwhushuvrqdo frpsdwlelolw| uhvwulfwlrqv rq wkh
eholhiv ri wkh lqglylgxdov1 Wkh vwurqjhvw uhvwulfwlrqv duh rewdlqhg e| lpsrvlqj wkh
Wuxwk D{lrp rq lqglylgxdo eholhiv ehfdxvh ri wkh lpsolhg frpprq nqrzohgjh ri
wkh fruuhfwqhvv ri eholhiv1 Ri wkh uhpdlqlqj frqglwlrqv F lv wkh vwurqjhvw/ vlqfh lw
lpsolhv doo wkh rwkhuv1 Wkh zhdnhvw ri doo lv VZ/ zklfk lq wkh v|vwhp kW
? n #D
wxuqv rxw wr eh htxlydohqw wr 8W Qhjdwlyh Lqwurvshfwlrq ri Frpprq Eholhi1 Wkh
uhodwlrqvkls dprqj doo wkh d{lrpv frqvlghuhg lq wklv sdshu +W/ F/ WQ/ WS/ LQ/
LS/ VZ/ WFE/ 8W, lv vxppdul}hg lq Iljxuh 41
Zhdnhu lqwhuvxemhfwlyh uhvwulfwlrqv rq eholhiv fdq eh rewdlqhg iurp F/ WQ/
WS/ LQ/ LS dqg VZ e| uhsodflqj ￿ zlwk W1L qw k l vf d v hWQ ehfrphv WFE/
zkloh wkh uhpdlqlqj d{lrpv ehfrph
43FW ￿ $ W
WSW ￿W $ W
LQW ￿W $ ￿
LSW ￿W $ ￿
VZW ￿W $ WW
Lw lv vwudljkwiruzdug wr vkrz wkdw doo ri wkh deryh duh surydeoh lq kW
? n #eD19
9Lqghhg/ F￿dqg WS￿ duh surydeoh lq N￿
q.G/ LQ￿ lv surydeoh lq N￿
q.7f dqg LS￿ lv surydeoh
lq N￿



























































































Surri ri Ohppd 41
41 E￿ a  a ? a E￿W a  a ?W $ +P/SO,
￿E a W a  a ?E a W
51 W $ ￿ a  a ? +FE4/SO,
61 W $ ￿W a  a ?W +FE5/SO,
71 W $ ￿E a W a  a ?E a W +4/5/6/SO,
81  a W $ W +SO,
91  a W $ ￿E a W a  a ?E a W +7/8/SO,
:1 ￿E a W a  a ?E a W $ W E a W +9/ U4FE,
;1 W E a W $ W a WW +P,
<1 E￿ a  a ? a E￿W a  a ?W $ W a WW +4/:/;/SO,
431 W a WW $ W +SO,
441 E￿ a  a ? a E￿W a  a ?W $ W +</43/SO,
Surri ri Fruroodu| 41
41 W $ ￿ +FE4,
51 ￿W $ ￿￿ +4/UN,
61 ￿￿ $ ￿ +d{lrp 7f,
71 ￿W $ ￿ +5/6/SO,
81 E￿W a  a ?W $ E￿ a  a ? +7/SO,
91 E￿W a  a ?W $ E￿W a  a ?W +SO,
:1 E￿W a  a ?W $
E￿ a  a ? a E￿W a  a ?W +8/9/SO,
;1 E￿ a  a ? a E￿W a  a ?W $ W +FE7,
<1 E￿W a  a ?W $ W +:/;/SO,
Ohppd 51 D{lrpv WQ dqg WS duh ydolg lq wkh fodvv ri FE0prghov zkhuh/ ;c 5
/ ;c￿c ￿￿ 5 `/+ 4 ,-￿ lv vhuldo dqg +5, li -￿￿ dqg ￿-￿￿￿ wkhq -￿￿￿1
Surri1 Iluvw zh suryh ydolglw| iru WQ1 Il{ dq duelwudu| prgho wkdw vdwlvhv wkh
deryh wzr surshuwlhv1 Il{ duelwudu| / / @ dqg dq duelwudu| irupxod 1V x s s r v h
wkdw @ m' ￿￿1 E| vhuldolw| ri -￿ w k h u hh { l v w vdK vxfk wkdw @-￿K1 Il{ dq
duelwudu| vxfk K1W k h q K m' ￿1E | v h u l d o l w | r i -￿/ wkhuh h{lvwv d S vxfk wkdw
K-￿S1 Il{ dq duelwudu| vxfk S1W k h q S m' 1 E| surshuw| +5, @-￿S1K h q f h
@ m' ￿1
46+5, Qh{w zh suryh ydolglw| ri WS1 Il{ dq duelwudu| prgho wkdw vdwlvhv wkh
deryh wzr surshuwlhv1 Il{ duelwudu| / / @ dqg dq duelwudu| irupxod 1V x s s r v h
wkdw @ m' ￿￿1 E| vhuldolw| ri -￿ wkhuh h{lvwv d K vxfk wkdw @-￿K1W k h qK m' ￿1
Khqfh wkhuh h{lvwv d S vxfk wkdw K-￿S dqg S m' 1 E| surshuw| +5, @-￿S1K h q f h
@ m' ￿1
Ohppd 61 D{lrpv LQ dqg LS duh ydolg lq wkh fodvv ri FE0prghov zkhuh/ ;c 5
/ ; 5 `/ <￿ 5 ` vxfk wkdw +4, -￿￿ dqg +5, ;￿￿ 5 `c li -￿￿￿ wkhq
￿-￿￿￿1
Surri1 Iluvw zh suryh ydolglw| iru LQ1 Il{ dq duelwudu| prgho wkdw vdwlvhv wkh
deryh surshuwlhv1 Il{ duelwudu| / / @ dqg dq duelwudu| irupxod 1V x s s r v hw k d w
@ m' ￿￿1 E| wkh dvvxphg surshuwlhv/ wkhuh h{lvwv d K vxfk wkdw @-￿K1F k r r v h
dq duelwudu| vxfk K1W k h q K m' ￿1 Fkrrvh dq duelwudu| S vxfk wkdw @-￿}1E |
wkh dvvxphg surshuwlhv/ K-￿S1 Khqfh S m' 1 Wkhuhiruh @ m' ￿1
+5, Qh{w zh suryh ydolglw| iru LS1 Il{ dq duelwudu| prgho wkdw vdwlvhv wkh
deryh surshuwlhv1 Il{ duelwudu| / / @ dqg dq duelwudu| irupxod 1V x s s r v hw k d w
@ m' ￿￿1 Wkhq wkhuh h{lvwv d K vxfk wkdw @-￿K dqg K m' ￿1E |w k hd v v x p h g
surshuwlhv +fkrrvlqj S ' K,/ K-￿K1 Khqfh K m' 1 Wkhuhiruh/ @ m' ￿1
Uhihuhqfhv
^4` Dxpdqq/ Urehuw1 4<:91 Djuhhlqj wr glvdjuhh/ Dqqdov ri Vwdwlvwlfv/ 7/ 45690
456<1
^5` Erqdqqr/ Jldfrpr1 4<<91 cRq wkh orjlf ri frpprq eholhi*1 Pdwkhpdwlfdo Orjlf
Txduwhuo|/ 75= 63806441
^6` Fkhoodv/ Euldq1 4<;71 Prgdo orjlf= dq lqwurgxfwlrq1 Fdpeulgjh Xqlyhuvlw|
Suhvv1
^7` Idjlq/ Urqdog/ Mrvhsk Kdoshuq/ \rudp Prvhv dqg Prvkh Ydugl1 4<<8/ Uhd0
vrqlqj derxw nqrzohgjh1 PLW Suhvv1
^8` Ohzlv/ Gdylg1 4<9<1 Frqyhqwlrq= d sklorvrsklfdo vwxg|/K d u y d u gX q l y h u v l w |
Suhvv1
^9` Olvprqw/ Oxf dqg Sklolssh Prqjlq1 4<<71 cRq wkh orjlf ri frpprq eholhi dqg
frpprq nqrzohgjh*/ Wkhru| dqg Ghflvlrq/ 6:= :804391
47